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Abstract

In constructing functions having a certain invariance and a given set of zeros, the
zeta regularized product [] and its natural generalization [J] play important roles. To
deal with wider class of sequences, we introduce an extended version [J[,, a, of such
regularizations. This allows us to treat the case where the attached zeta function of
{an}n has even a log-singularity at the origin. We discuss several examples of the
type [i,, w(an — x) for choosing a, = n, a, = the essential zeros p of zeta functions,
etc., especially for the trigonometric functions ¢. As one of the applications, we give
a criterion for the validity of a distribution formula for the essential zeros of ((s) in
terms of [i[, which is a weaker version of the Riemann Hypothesis (RH).
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2 K. Kimoto and M. Wakayama

1 Introduction

For a given sequence @ = {a,}ner of non-zero complex numbers, the zeta regularized

product ], _; a, of @ is defined by

(1.1) Han = exp (—85@(3)}5:0)

nel

when the attached zeta function (4(s) := >, ., a,,* is analytically continued to some region
containing the origin s = 0 and holomorphic at s = 0 (see, e.g. [D2]). Here J; denotes the
partial differential operator with respect to s.

In constructing functions having a certain invariance and a given set of zeros, the zeta
regularized product plays important roles. Particularly, the zeta regularized product []
defines a determinant of an operator A by det A := [],, A, where \,, denotes the eigenvalue of
A. For instance, a Selberg zeta function Zr(s) (see Section 5.3) has a determinant expression
via the Laplacian Ar of the Riemann surface (see, e.g. [V]). Hence the analogue of the
Riemann Hypothesis of Zr(s) follows from the determinant expression because Ar is positive
definite. All zeta functions which satisfy an analogue of the Riemann Hypothesis are known
to be having such determinant expressions. The most important question is whether one
can associate a determinant expression to a given zeta function via some self (skew-)adjoint
operator. As to the Riemann zeta function, there is a deep observation [D1], [D2] (see also
[KuOW] for some trial) in this direction.

Among various features of zeta regularized products, we focus our attention on the func-
tional aspect in this paper; zeta regularization methods often allow us to express a function
in very transparent (or rather intuitive) manner as well as to construct a function equipped

with a certain invariance such as (quasi-)periodicity. For instance, the function
Sz(x) == H(n — )
nez

essentially gives the sine function and hence has a periodicity as is expected from its form
(see Example 3.2). It is also seen that the zeros of Sz(z) are exactly given by © = n (n € Z).

In general, for a given sequence a and a good function ¢, we may expect that the product
Da(w; ) =[] p(an — x)
nel
(if it exists) defines a function whose zeros are exactly given by the set

H{xé@}cp(an—x):O}

nel
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and is piecewise holomorphic.
However, the situation we can apply the zeta regularization method is rather restricted.
For instance, if we take a geometric sequence @ = {¢"},>0 (¢ > 1) typically, then the

attached Dirichlet series

n>0
is analytically continued to the whole s-plane but it has a simple pole at the origin s = 0.
This shows that the zeta regularized product [], ¢™ is not defined. In order to handle such
cases, an extended notion called a dotted product has been introduced in [KuW2| (see
also [I]). This dotted product [] is actually defined by

(1.2) [l an = exp (— Res C“S(j))

nel

for a sequence a = {a, }ne; when the (analytically continued) zeta function (4(s) is mero-
morphic at the origin s = 0. Notice that this dotted product provides a generalization of the
original regularized product since (., (0) = Ress—g (a(5)/s? if (a(s) is holomorphic at s = 0.
We also remark that this definition of a dotted product is still applicable when the origin
s = 0 is an isolated singularity of (4(s) (see Remark 3.1). By using this new regularization,
we can treat, for instance, regularized products of the values of trigonometric functions and
those of g-numbers over the lattice Z and the semi-lattice Zx, which allow us to construct
easily a function having some translation property such as periodicity. These products are
mainly exhibited in Sections 5.1 (see also Remark 5.4).

Still, there exist natural situations we need a further extension of the zeta regularization
[]. Let us show such an example. It is well-known that if we put C(s) := ((s)7*/2['(s/2)
then the functional equation of the Riemann zeta function can be written in a symmet-
ric way; C(1 —s) = C(s). Let (ools) be the higher Riemann zeta function defined by
Gool(8) == 11,51 C(s+In) [KuMW]. Then, in the course of the study for obtaining a symmet-
ric functionaliequation of (joo(s) similarly, it is quite helpful to introduce a function defined

(naively) by

(1.3) Si(z) = sin@,

Im(p)>0

especially, in order to determine an explicit form of the completion é’loo(s) of (oo(s) (see
Example 5.1). Here B denotes a suitably formulated product over the non-trivial zeros p of

the Riemann zeta function ((s) in the upper half plane. One possibility for defining such a
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function is to employ a zeta regularized product as the product | in (1.3). However, in the

case of Sj(z), the associated zeta function

(1.4) Li(s,x) = > {sin M}_S

Im(p)>0

has a log-singularity at s = 0 according to the famous result of Cramér [Cr| in 1919. In order
to overcome such difficulties, we introduce much further generalization [i] of zeta regularized
products described above (see Section 2). We show that a function defined via this new zeta
regularized product has a Weierstrass canonical product expression, that is, it has a desired
set of zeros counting with multiplicity like in [V], [I], [KiKuSW1].

In Section 4, we deal with various regularized products of the values of trigonometric
functions. In this trigonometric case, the presence of a differential equation is useful for
the discussion. In particular, as applications of the regularized product [], we provide
several interesting examples in Section 5 relating such as the Riemann Hypothesis (Theorem
5.4), the Selberg’s 1/4-conjecture (Theorem 5.5 and Remark 5.7), the determinant of the
trigonometric function of eigenvalues of a Laplacian of a Riemann surface and certain ¢-
analogues connected with the Jackson g-gamma function (see, e.g. [AAR]), etc.

Furthermore, we make an experimental study concerning the ‘regularized product’ of
the values of the elliptic theta functions in Section 6. We propose a candidate of a suitable
regularization and show that the ‘regularized product’ of the theta functions ¥(z+nt, t) over
the lattice Z produces essentially the theta function again while the direction of periodicity
and that of quasi-periodicity are switched. This result is immediately extended to the so-
called Jacobi forms (see, e.g. [EZ]).

We hope also that in general one may use a difference-differential equation of ¢ (if
any) to discuss a product of p(a, — x)’s. A part of Section 6 is devoted to give a small
calculation about @(z) as an example of such a situation. In the last position we remark
on the construction of certain new zeta extensions in the sense of [KuW1]| by means of

regularized products.

Convention

In this paper we distinguish three kinds of product symbols [], [ and [f] in order to specify
which regularization we actually need for a given sequence. We also use the symbol B to

indicate a regularized product which is neither specified nor formulated suitably.
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Throughout the paper we fix the log-branch by
(1.5) logz=log|z| +iargz (—7m <argz<m).

Remark that the values of zeta regularized products depend on the choice of the log-branch.
We denote by C the entire complex plane, R the real axis, Z the lattice consisting of
all rational integers and Zx, the semi-lattice consisting of non-negative integers. We also

denote by Q the rational number field.

2 Double-dotted products

In this section we introduce the notion of a double-dotted product or a ddotted prod-
uct in short, which is a generalization of a zeta regularized product [{]. Employing this
regularized product, we can treat the case where the attached Dirichlet series has even a

log-singularity at the origin.

2.1 Definition of ddotted products

Let a = {a, }ner be a sequence of non-zero complex numbers. We define the associated zeta

function (or the Dirichlet series) (4(s) of a by

Ca(s) = Z a,’

nel

which is supposed to be convergent absolutely for Re(s) > 1.
Assume that there exists a finite collection of functions {Q,,(s; a)}¥_, which are mero-

morphic around the origin s = 0 such that the difference

P(s;@) = (a(s) = Y Qm(s:a)(logs)™

is analytically continued to the some region containing the origin as a single-valued mero-
morphic function. We also suppose that the zeta function (4(s) itself is also analytically
continued to the right half plane Re(s) > 0. Then we say (,(s) (and also the sequence a) is
regularizable, and we call P(s;a) the meromorphic part of (,(s) at s = 0. The order of
the (possible) pole of P(s;a) at the origin s = 0 is called a depth of (4(s).

When the zeta function (,(s) is regularizable, we define its linear term at s = 0 by

52’20' Ca(s) = Ijzes Ps; a,).

0 52
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In terms of this linear term L7 —¢ (4(s) of a given zeta function (4(s), we define the following

extended version of zeta regularized products.

Definition 2.1 (Ddotted regularization). Let a = {a, },cs be a regularizable sequence.
Define the ddotted product of a by

(2.1) Han = exp (— ,52’1(;(,1(3)) :

Here (4(s) is the associated zeta function of a.

It is easy to see that the meromorphic part of a given regularizable zeta function is
uniquely determined once we fix the branch of s. Namely, this truncation procedure is

legitimate. Hence the definition of the ddotted regularized product is well-defined.

Remark 2.1. Tt is readily observed that the ddotted product [[, a, of a = {a,}, is nothing
but the dotted product o] a, of a when the attached zeta function (4(s) is meromorphic at

s =0 (i.e. (u(s) = P(s;a)).

The following proposition is elementary but quite important.

Proposition 2.1. When all of the appearing ddotted products exist, we have

(2.2) E[ an = Han Han,

nelllJ nel neJ
k
(2.3) Haﬁ = (EI an> )
nel nel
o~ (—log V)"
(2.4) E[ Aa, =exp | — Z —— LT s"Cals) EI n,
nel n=1 G =0 nel
(2.5) Hm = H n,
nel nel

for k>0 and A > 0. Here p in (2.4) denotes the depth of the attached zeta function (4($)

of the sequence a = {a,}ner and Z the complex conjugate of z.

Proof. The formulas (2.2) and (2.3) are immediate by the definition of the ddotted products.
The formula (2.4) is obtained by a similar discussion in [KiKuSW1]. The formula (2.5)

follows from the equality (5(s) = (o(5) where @ = {@, }ner is the complex conjugate of
a = {a,}ner- O

Remark 2.2. In general, two regularized products [I,,.; anb, and [,c; an El,.c; bn are differ-

nel
ent. Actually, there exists an anomaly between them.



Remarks on zeta regularized products 7

2.2 Functions defined by zeta regularizations

Let ¢ be a meromorphic function and a = {a, },e; be a sequence of complex numbers. We

are interested in the function of the form

(2.6) Dala:¢) = T lan — o).
nel

Using this zeta regularization, we can treat much wider class of functions ¢. We assume
that the sequence a satisfies p(a,,) # 0 for any n € I; we call this assumption the zero-free
condition. This assumption is not essential but for simplicity. Actually, from the formula
(2.2), it is clear that one can easily remove a finite number of exceptions of a,’s in the
regularized product of a. Namely, if we take a finite subset £ C I, then the ddotted product
[l (an — x) is divided as

[l otan —2) = [T (e —a) x [ e —an).

nel ner nel\E

We denote by ((s,z;a; ¢) the associated zeta function

C(s,ziai0) =Y plan —a)7
nel
and assume that ((s,x; a;p) is regularizable for a generic x € C. Precisely, if Re(s) > 1,
then the Dirichlet series ((s, x; a; ) converges absolutely and uniformly (as a function with
respect to x) for each compact subset of C which does not contain any zeros of ¢(a, — ).

We also denote by P(s,z;a; ) the meromorphic part of {(s, z; a; ).

Remark 2.53. By definition it is easy to see that the operations £7 and 0, is compatible,

that is, we have
LT (0:(5, w5 0:9)) = 0. (LT ((s,10:0))
for a regularizable zeta function ((s, z;a; v).

In general, we cannot say anything about properties of the function Dg(z;¢) defined by
a zeta regularized product (2.6) a priori. However, we frequently observe that the function

Da(z; ¢) is piecewise holomorphic. More precisely, we have

A typical situation. There exist several connected domains {U;}; such that Dy (z;¢) =
EL.c; v(a, — ) gives a holomorphic function on each domain U; but is discontinuous on the
boundary 0U; of U;. This discontinuity is originated from the fact that the logarithmic func-
tion log x is multi-valued. If we denote by Dq(x;¢; U;) := [,.c; p(an—2) ’Uj the restriction of
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Dq(z; ) on Uj, then each Dg(z; ¢; U;) is analytically continued to the whole z-plane as an en-
tire function. We denote by Dq(z;¢; U;) = [l,.c; ¢(an — ) .y, the extension of Dg(z; p; Uj)
in order to distinguish this function from the original function Dg(z;¢) = [,c; ¢(an — ),
and call it the normal product associated with the initial domain U;. Remark that two
functions Dg(z;; U;) and D, (x; ¢; U;) are not the same function in general if U; N U; = 0),
but their difference may be an elementary factor such as the exponential of a polynomial
function. For a typical example, see Example 3.2. See also Figure 1 (which shows the case
where ¢ is periodic — the most interesting case). We suppress the symbol U; and simply

write Dg(z; ) = :[l.c; ¢(an, — 2): when the initial domain Uj is clear from the context.

Da(2;0;U_1) Do(x;0:Us) Dal(x;0;U7)

/?a(fr; ®)

Ui Us

Figure 1: A typical situation (conceptual)

The graph of Da(z;¢) is drawn by thick lines. Each restriction Da(x;p;Uj) of Da(x;¢) on U; is
holomorphic on Uj and has an extension Dq(x;p;Uj) which is entire.

For instance, when ¢(z) = z or sinh z, the function Dg(z;¢), if it exists, is actually

continued to the whole plane as an entire function. See Sections 3 and 4 for details.

Remark 2.4. When ((s, z; a;¢) is meromorphic (i.e. ((s,x;a;p) = P(s,z;a;p)), the ddot-
ted regularized product coincides with the dotted product; recall the definition (1.2) of a
dotted product.
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3 Linear products

Before going to discuss interesting cases of dotted and ddotted products, for the sake of

understanding the situation well, we give here some examples when ¢ is a linear function.

Example 3.1. By the Lerch’s calculation [L] in 1894 concerning the Hurwitz zeta function
C(s,z) ==Y " o(n+ z)~%, we have the zeta regularized product expression of the gamma

function

\/% [e9)
e :g(n—i-x).

This formula holds for x € C\ Z and integral points z = —n (n = 0,1,2,...) are removable
singularity; in fact, we see that lim,_,_, [[°2,(n +z) = 0 for & = 0,1,2,.... In this case
the regularized product [],.(n + z) itself defines an entire function. We notice that this
expression respects the location of zeros in a very apparent way and the functional equation
is intuitively understood:

V2 - - V2r

— = n+x)==1x n+z)=r——r — [(z+1)=2al(2).

T (z) g(+) nHl(+> NEE (z+1) ()
Some other properties of I'(z) derived easily from the expression such as the multiplication
formula of Gauss-Legendre, see [KiKuSW2]. O

As we mentioned in Section 2.2, the function Dg(z) = [],,c;(a, — ) does not define an
entire function in general but a piecewise holomorphic function. However, if we restrict the
function Dg(z) on a certain domain U C C and denote it by Dg(x;U) so that Dg(z;U)
is holomorphic on U, then Dg4(x;U) is continued to the whole z-plane and the extension

D (z;U) is an entire function (see Theorem 3.1 below). A typical example is as follows (cf.

Figure 1).
Example 3.2. The ring sine function Sz(x) of Z

1—e¥ie  peUT
Sp(x) =[[(n—2)={1-¢" 2eR\Z
neZ 1—e 2™ gecU-

essentially gives the sine function and hence (piecewisely) has a periodicity as is expected
from its form (see [KuMOW]). Here we put U = {z € C | Imz > 0} and U~ = {z € C |
Imz < 0}. The function Sz(z) is holomorphic in U™ and U~ respectively, and discontinuous

on R\ Z (piecewise holomorphic function on C). The integral points © = k (k € Z)
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are removable singularities; in fact, we see that lim, ., Sz(z) = 0. The canonical product

expression of Sz(z) is expressed as

Sz(z) = zexp (f(z; UY)) H <1 — %) exp <%) (z e U*)

n#0

where the polynomial function f(x;U%) is given by
1
f(x; UY) = —miz + log 27 + 57?2',
1
f(z;U™) = —3miz + log 27 — am'.

This shows that two entire functions Sy (x; U*t) and Sy(z;U~) are actually different. How-

ever, we remark that the product Sz(z)Sz(—z) defines an entire function. O

Example 3.3 ([KuMOW]). Let Q(7)/Q be an imaginary quadratic extension and Z|[7]
be the ring of integers of Q(7). The ring sine function Sz(x) of Z[7] is calculated as

Sem(@) = [ (m+n7—2)

m,neL
(3.1) -
_ (1 . eQm’x) H(l _ 627ri(m'+x)>(1 . eQm‘(m-fx)) (0 < Imz < Im 7_) )
n=1

Though it is expected from its form that the function Sy (x) is double-periodic, it is not.
Actually, it essentially gives the elliptic theta function ¥(x,7); the multi-valuedness of the
attached zeta function yields the shift of the exponential factor according to the translation

of the direction 7. See Figure 1. O

When one takes the linear function ¢(z) = z as in the examples above, a similar discussion
as in [V], [I] assures that the function Dg(z) = [, (a, — =) has a Weierstrass canonical

product expression. In fact, since L7 and 0, is compatible (see Remark 2.3), we have the

Theorem 3.1. Let a = {a,}ner be a sequence of non-zero complex numbers and U a
connected domain in C. Denote by p the least non-negative integer such that the series
Y oner @nPt converges absolutely. Suppose that the zeta function (q(s,x) ==Y, ;(a, — )~
is reqularizable for any x € U. Then there exists a polynomial function fq(x;U) of x de-

pending on a and U such that
x P12 \™
Da(a;0) i= [ (an = 2)| = exp (fales o) T (1 el e
(x ) Tg(a x)U eXp(f (x >>n61( @n) o (mlm(an> )

holds for x € U. In particular, the function Dg(z;U) has an analytic continuation Dg(z;U)

to the whole x-plane as an entire function. ]
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Remark 3.1. Even if we allow the situation that the ‘meromorphic’ part P(s,z;a) of the
attached zeta function (4(s, ) has an essential singularity at s = 0, the regularized product
EL, (@, — ) is still defined and Theorem 3.1 holds. However, the function fu(x;U) appearing

in the theorem is no longer a polynomial function.

4 Trigonometric products

We study the zeta regularized products of trigonometric functions. In this section we estab-
lish a general theorem, and put examples and applications in the next section. For simplicity,

we take ¢(z) = sinh z. Because of the differential equations

()2 —e* =1,
(p//_(p: O

satisfied by sinh z, the attached zeta function satisfies a difference-differential equation which
allows us to make our discussion clear.

Let @ = {a,}ner be a zero-free sequence for ¢(z) = sinhz. Define the zeta function
Ca'®(s,x) of {sinh(an — ) }ner by

(4.1) (%(s, ) = > _sinh(a, — )"

We assume that (8(s, z) is regularizable and holomorphic in the right half plane Re(s) > 0.
Denote by p the depth of (8(s,x). Since sinhz is 2mi-periodic function, the function
Diie(z) = [, sinh(a, — z) is also a 27i-periodic function (but not entire function); we may
assume that a,,’s and = are lying in the strip S := {z eC ’ —rm<Imz< 7'('}.

The main purpose of this section is to show that the function DY&(z) is a piecewise
holomorphic function, and has an analytic continuation D& (z) as an entire function whose
zeros are given by x = a, + kmi (n € I,k € 7). More precisely, we prove the following

theorem.

Theorem 4.1. Let a = {a,}ner be a zero-free sequence for sinh(z), and U a connected
domain in C. Denote by p the least non-negative integer such that the series Y _;a;?~!
converges absolutely. Suppose that the zeta function ({8(s,z) = Y., sinh(a, — x)™* is
reqularizable for any x € U. Put DP¢(x;U) = [i[, ., sinh(a, — x)’U for x € U. Then

there exists a polynomial function fo(x;U) of © depending on a and U such that the analytic
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extension D8(z;U) = [, sinh(a, — 2):y of DU (x;U) is given by

D& (g U) = :Hsinh(an — )y

nel
(4.2) x sy} x "
= exp(fa(2; U)) HI (1 - m) P (;Z m (m) )
kEZ,

for x € C. Especially, the zeros of the function L[ ., sinh(a, —x):w are exactly given by
r=a,+kmi nel,kel).

Remark 4.1. When (8(s, z) is meromorphic at s = 0, this result is obtained in [KiKuSW1].

Proof of Theorem 4.1. We denote by A& (x) = A8 (x: U) the right hand side of (4.2). In
order to prove the equality (4.2), it is enough to show that

(4.3) OMlog D8(z) = 0M log A8 ()

for some non-negative integer M > 1 (see [V]; see also [I], [KiKuSW1]). Since fq(x;U) is a
polynomial function, one may suppress the symbol U in the discussion below. In fact, (4.3)
implies that log D™&(z) — log A¥(z) is equal to a polynomial function of degree at most
M.

We first note that the right hand side 0¥ log At8(x) of (4.3) is calculated by the same
discussion developed in [KiKuSW1] as follows:

Lemma 4.2. For a sufficiently large positive integer M, we have
O log A¥(z) = —na(M, ).
Here the function ng(s,x) is given by

Na(s,x) :=T(s) Z Z(an + kmi—x)~°,

nel keZ

which converges absolutely if Re(s) > p+ 1. O

By the definition of the function D' 8(x) it follows that log D8(z) = — LT oo (I8(s, x).

In view of the lemma above, we should hence show the equality
(4.4) O LT (5(s,x) = na(M, )

for some non-negative integer M > 1. Since the operations £7 and 0, commute, to show

the equation (4.3) it suffices to prove the following lemma.
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Lemma 4.3. We have
(45) LT 62 C5%(5, ) = 1a(2N, )
for N > max{u+2,p+2}. Here u denotes the depth of the attached zeta function (8 (s, ),

and p the least non-negative integer such that the series Y, _;|a,|™*~' converges.

Before proving Lemma 4.3, we perform some preliminary calculations which make the
discussion clear.

It is easy to see that
(4.6) d2sinh(a — )% = s*sinh(a — 2) 7 + s(s + 1) sinh(a — 2) 7572

More generally, a successive use of the relation (4.6) leads the expression
(4.7) 9?N sinh(a — z)~* Z vn,;(s) sinh(a — z)757%

where vy ;(s) is a polynomial in s of degree 2N. We note that vy o(s) = s* and vy n(s) =

s(s+1)---(s+2N —1). It follows then the
Proposition 4.4. The zeta function (8(s, x) satisfies the difference-differential equation

N
(4.8) O CE (s, ) = $PNCE(s,x) + Y vy () (s + 24, 7)

Jj=1

for every N > 1. O

Proof of Lemma 4.3. We remark that the sum Zjvzl vn,;(8)CME(s + 24, x) in (4.8) is mero-
morphic at the origin s = 0. Hence, if we take N so that 2N > p+ 2, then the meromorphic

part of s?V(iM8(s, x) has a zero of order 2 at s = 0. Thus we have

(4.9) £T€92NCmg (s, ) ZI/N] (0)¢™Me(24, ).

On the other hand, we notice that

2N— 1 IN—2 . —2
o(2N, 2) Z Z iy —— x)QN = Z&x sinh(a, — )

keZ nEI nel

N
=> Z vn—1j-1(2)sinh(a, — )™ = " vy_1;1(2)CE(2), 2)
j=1

nel j=1
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when 2N > p + 2. Here we use the partial fraction expansion

: 9 1
sinh(z)™* = Z & = ki)

kEZ

of sinh(z)~2. Therefore, in order to prove Lemma 4.3, it is enough to show the equality.
(4.10) VJ’VJ(O) =vy_1;-12) (J=1,2,...,N).

In fact, by using the difference-differential equation (4.6) it is elementary to check that

{V],\f,j(o)} ~,; and {vn_1,;-1(2)}n,; satisfy the same recurrence formula
CN,I = 4N_1, CN,N = (2N - 1)‘,
CNj = 4‘]'2CN_1’J' — (2] — 1)(2] - 2)CN—I,j—l (1 <.7 < N)

as double-indexed sequences with respect to N and j. Hence (4.10) follows. This completes
the proof of Lemma 4.3. O

Thus the equality (4.3) follows. This proves Theorem 4.1. O

Remark 4.2. From (4.6) we have the differential equation

(4.11) —9%log DM8(1) = E_’]O' s*C8 (s, 1) + Z sinh(a, — z)~?

nel

of D¥™&(z). Hence, in particular there exists a polynomial function f(z) such that the

function f)flrig(x) is quasi-periodic, that is, the equality
D¥8(z 4 27i) = exp f(z) D8 ()

holds.

5 Examples and applications
5.1 ¢-products: I';(z) and a variant of Kronecker’s limit formula
For ¢ > 1, put 7, := mi/logq and

S;={2€C|—n/logg<Imz<m/logq},

and call it the fundamental strip of 27,. We also put (2), :=logg¢®/logq € S,. Notice that
(2), 1s 27,-periodic function and (z), = z if z € §; (see (1.5) for the convention of the log-

branch). When ¢ = e, we suppress the symbol ¢ and simply write as S and (z) respectively.
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Since there is a basic periodicity ¢°72™ = ¢*, a function defined by a regularized product of
g-expressions has an obvious periodicity but is not meromorphic as we show in the following

examples.
Example 5.1. Let us consider the function [J[ 7  ¢"**. The attached zeta function is
oo —s(z), 1 oo

Cals,m) = Y (g"%) ™ = £ = ZBn(mq)(_Slﬂ

1—gq  sloggqg n!

n=0 n=0

where B, (t) denotes the n-th Bernoulli polynomial. Thus we have
H ¢t = Bl (= qC(fl;<w>q)) :
n=0

(where By(z) = 2?—x+3) which is 27,-periodic function but not meromorphic (discontinuous
on the boundary of the strip S,). However, the ‘standard’ normal product (or analytic

extension)

Da(r:q"):8)) = [ "+ = g7
n=0
does not have the 27,-periodicity. O

Example 5.2. Let a = {n}>, be the sequence of non-negative integers. Look at the

function defined by

o0

Da(x;[-]g) = H[n + .

n=0

Here we denote by [a], the g-analogue of the number a given by

a/2 —a/2

la], == 4 —9 "
T i g

If Re(a) > 0, we have
[a];s _ (q1/2 . q71/2>sq75(a>q(1 . qfa)fs'

Using the binomial expansion we have

(5.1) Dala:[],) = %

for Re(x) > 0 (see [KuW2]). Here I';(x) denotes the Jackson g-gamma function defined by

[L(1—qg™) 1/2 —1/2\1— -
T N n= /2 /2\1—z x(z—1)/4
Q(x) Hzo:o(l . q,(ner))( q ) q )
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[e.9]

and the constant [oo],! := [n], is essentially the Dedekind n-function given by

n=0
[oo]q! _ (q1/2 _ q—1/2)—10g(1—q_1)/10gq « q—1/24 H(l _ q—n)'
n=1

Because of the functional equation I'y(z + 1) = [z],[',(z), (5.1) is valid for all z € C by
virtue of the property [[,.; an ['l,.cj@n = [l,csy an (see (2.2)). The function Dg(x;|-],)
is holomorphic in each strip but is not an entire function. We also notice that an analytic

extension (the ‘standard’ normal product)

- - [00],!

Dafa: [-138,) =: [ In+ 2l = 08

n=0

of Dg(x;[-],) becomes entire, but the periodicity is not preserved; still I';(z) has a quasi-
periodicity
Fq(x +2r,) = (q1/2 _ qfl/Z)Qququ‘+qufl/21‘\q(x)‘

As we have seen in Section 3, this kind of quasi-periodicity is inherited from the existence
of differential equations of exponential (and/or trigonometric) functions. See Remark 4.2.
We put Uy, := S, + 2k, for k € Z.

Dafas|- 1) = £95 Ff ) (a € U3)

where

F’q(x7 Uk) — (q1/2 . q71/2)72k7qqquxfqu(kTqul/Z) (k c Z)

Thus, two entire functions Dg(z;[-]4; Us) and Dg(x;[-]4; Um) coincide up to the factor

Fy(x; k) Fy(a;m)~t O
Example 5.3. A g-analogue Sj(x) := : ], .,[n — ]s: of the ring sine function Sz(x) sub-
stantially gives the elliptic theta function J(x) = J(x; lgif). Actually, we have

[Oo]q!Q
Ly(2)Ty(1 — )

S3(x) = (a constant) x

This is a variant of Kronecker’s limit formula. In fact, S7(z/7) is essentially equal to Sz ;(x)
in Example 3.3 (see [KiKuSW1, Remark 4.4]). See also Remark 5.4 for a comparison of
|57,(2)] with [],,ez |[n — ]y a
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5.2 Products over the essential zeros of ((s) and the RH

The higher Riemann zeta function (joo(s) (I =1,2,...) is defined by

Goo(s) = [ ] ¢(s + In).

This (00($) is analytically continued to the whole plane as a meromorphic function. As
the Riemann zeta function ((s) possesses a functional equation, the higher Riemann zeta
function (;oo(s) also has a functional equation between s and 1 — s — I [KuMW]. If one
hopes to write this functional equation in a symmetric form, then, beside the gamma factor
described by I'(s) and the double gamma function I'y(s) (see (6.1) for the definition), it is
necessary to introduce the function S, (z) of the form
Sa(x) := sina(p—z) (a>0)
Im p>0

where B denotes a regularized product in a suitable sense and p runs through the essential
zeros of ((s) with positive imaginary part. The initial purpose of this subsection is to show
that the function S,(x) exists if we take fJ = Ji]. In fact, we find a certain expression of
Sa(z) by a usual infinite product of the factors 1 — ¢?*®. Consequently, we may construct
the function Gjs(s) explicitly in terms of I'(s), I's(s) and S;;(s) so that the completion

Cioo(8) = Gloo(8)Cioo(8) Of Cioo(s) satisfies the symmetric functional equation

Croo(8)Croo(1 — 5 — 1) = 1.
Moreover, using the ddotted product representation of S, (), as an application we establish
a certain statement which is equivalent to the validity of some distribution formula of the
essential zeros of ((s) in Theorem 5.4; This is regarded as a weaker version of Riemann
Hypothesis of ((s).
Recall first the Cramér’s result [Cr|. Let us consider the following partition functions

V(w):= Y e (Im(w)>0),

Im p>0
O(t):= Y e (Re(t)>0).
Re >0
Here the summation ) . ., is taken over all essential zeros p of ((s) such that Re(7) > 0
where 7 = 7(p) is defined by p = 1/2 +ir. It is easy to see that V(it) = e*/2®(t) for
Re(t) > 0. It is proved in [Cr] that the function

1 log w v + log 2w — i /2
- — — +
2mi \1 —e™¥ w

(5.2) V(w)
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is analytically continued to the whole w-plane as a single-valued function, and is holomorphic

near the origin w = 0. Here v denotes the Euler constant. More precisely, we have the
Lemma 5.1. For any o > 0, the meromorphic part 2*°(s) of ®(as) is given by
e (8) = A_1(a)s ™t + Aola) + A (a)s + O(s%)

where the coefficients A\_1 and \g are explicitly given as follows:
v+ log 2T 7
Y 8'

A f—
2o O(Q)

)\_1(0[) =
U

Using this lemma we remark first the following simple example of the ddotted product.

Example 5.4. The ddotted regularized product
. 1 1\*~+log2r Ti
i(z—p) _ ) L2
E[e p—exp<2(x 2) o 8I+C’
Im p>0
is obtained from the differential equation 0,7'(s, ) = —isT (s, z) of the attached zeta function
T(s,z):= Z e is@=p) — 6(1/2_m)i5<1>(8).
Im p>0

Here C' is some constant. O

To study the function S, (z), let us calculate the attached zeta function
Ly(s,z) = Z sina(p —x)~*
Im p>0

for observing the existence of the function S, (x). Suppose that Im x < 0. Using the binomial

theorem we see that

ia(p—z) _ p—ia(p—x)\ ~°
e e
Lo(s,x) = E ( % )

Im p>0

= (—21)° Z eias(p_w)(l _ €2ia(p—m))—s

Im p>0

— ofa(z)s iasp =S _1\n 2nia(p—xz)
crer 3 S () e
Im p>0 n=0

(e 9]

= ele(®)s {V(ias) +) (-1)" (_ns) V(ia(s + 2n))e—2“m}

n=1
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where we put f,(z) := —iax + log(—2i). Since the function V (ia(s + 2n)) is holomorphic

at s = 0, we obtain

(—1)" (—ns) e 2TV (o (s + 2n)) = @6_27”0358 + O(s?)
around s = 0. Therefore we have
(5.3) Lo(s,z) = efo@s {eia5/2(1>(ozs) + sPa(z) + O(s*) } .
Here we put
= V(2 :
P,(z) = ; %62’””.

This shows that L,(s,x) is regularizable by (5.2). Moreover, the linear term of L, (s, x) is
given by

E_’]O' Lo(s,x) = E_’]O' {es(f“(x)”a/m@(as)} + P,(x)

5.4
(54) = F,(x) + P,(z).

Here F,(x) is a quadratic polynomial F,(x) = A,x* + Bsx + C,, where the coefficients A,
and B, are explicitly given by

A — a(y + log 27roz)’ B. — —ia (7+1og 21 (log(—Qz) N z) 7) '

47 27 a 2

8

Consequently, we obtain the following infinite product expression of S, (z).

Theorem 5.2. The function Su(z) := [y, sosina(p —x): exists. Here the initial do-
main of this normal product is taken as {3: eC ’ 0<Rezx< 27?/04}. It also has the product

exTPression
Sa(x) = e—Fa(z) H (Sina(p o I)) e’ia(p—x)-l—log(—%)
(5.5) Im 950
— e—Fa(z)(e—Qaix; 6_2ai)§~

Here we put

(@ )= ] (0 —=q).

Im p>0

Proof. Since two functions S, (x) and (e72%*; ¢=2*%) have the same zeros and are of order 2,

they coincide up to a quadratic factor, that is, there exists a certain quadratic polynomial
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ga () such that S,(z) = e9(®)(e~2; ¢=20%) . By taking the logarithm in the initial domain

we observe that

—log Sy(x) = LT Lu(s,7) = Fu(z) + Po(z) = —ga(r) — log(e 2>, 672041')0

When x tends to —ioo along the imaginary axis, the functions P, (z) and — log(e™2**; e~2")
vanish. Therefore, two functions —F, (x) and g,(x) must coincide since they are polynomial

functions. This completes the proof. O

We notice that the function ®(¢) is real-valued if ¢ is real. Actually, the function ®(¢)
has the expression
(5.6) O(t) =2 Z e "R cos (tIm T) + Z e .
Ret>0 TER

Im7>0 >0

If we introduce the functions

@R(t) — Z e—tRer7

Re7T>0
in(tIm7/2)
U(t) = ftReTI 2 Sln(
0= 3 erime [
I 720

then the functions ®(¢), ®f(t) and W(t) satisfies the following relations.

Lemma 5.3. For sufficiently smallt > 0, we have

" o t?/8
(5.7) 0= ®%(t) - &) =) < 757

Proof. Remark that |Im 7| < 1/2 since p = 1/2 + i7 lies in the critical strip 0 < Re(p) < 1.

o(t).

Then we have

PE(t) — d(t) =2 Z e tReT (1 — cos(tIm 7))

Re7>0
Im7>0

=4 Z e BT sin? (¢ Tm 7/2)

Re7>0
Im7>0

_ in(tIm7/2) >
— t2 tRet I 2 Slrl(— — t2\Ij t
R;OG (Tm ) tIm7/2 ( ( )>
Im7>0
t2 t R t2 R

Re7>0
Im7>0

from which the desired inequalities are immediately obtained. O
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Theorem 5.4. Define a quadratic polynomial R, (u) by

v+ log 2ma 1 m°
Ry(u) = ———"— — = — 0 .
() ira {O‘ (“ 2) 73

Suppose that the reqularized product [y, -olsina(p —x)| ezists. Then, the following two

conditions are equivalent.

(i) The equality

(5.8) [ sina(p — )] = e FeRel

Im p>0

(Imz <0)

EI sina(p — x)

Im p>0

holds for two distinct values of a > 0.
ii) An asymptotic formula Rep — 1/2)%e~'mr = O(logt) holds as t — 0.
Im p>0

Proof. Denote by Lq(s, x) the attached zeta function

x) = Z }sina(p—x)’_s

Im p>0

of the regularized product [, - [sin a(p — x)|. First we see that

EQ(S’ x) e eS.fNa(l') Z e—SOéIm(p)’:l _ eQia(p—x) —S

Im p>0

where we put f,(z) := aIm(z) + log2 = Re f,(z). Since

Cb

2ia(p— x)) 5/2 (1 _ o 2ia(p- x)) s/2

n

’1 . eQia(pfx)}_S _ (1

|
1[]e ™
:Mg

1 o
=14+ g Zl E 2m'La (p—2x) + 2 Z 72nza(pfx) + 0(82),

we have

Z efsalm(p)ll _ e2ia(pfx)’*5

Im p>0

X —2miazx e2niat
(59) _ Z efsaImp_'_gZ € — Z szap+ Z Z 672niaﬁ+0(82)
Im p>0 m=1 Im p>0 Im p>0

= ®"(sa) + sRe P, (x) + O(s?).
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Hence we have
(5.10) La(s, ) = e (87 (sa) + s Re P(z) + O(5%)) .

Assume that the regularized product [y, ,- [sin a(p — x)| exists. Then the function W(¢) is
written in the form W(t) = P(t)+>_7", Q;(t)(logt)™ for some meromorphic functions Q;(t).
Thanks to the inequality (5.7), it is elementary to check that m = 1, that is, ¥(¢) is in the

form
(5.11) U(t) = P(t)+ Q(t)logt

and P(t), Q(t) have at most simple poles at ¢ = 0.
By (5.3) and (5.10) we have

E_’Z{; Lo(s,z) — Re ,C_’](;La(s, x)
= EZ)' {esf“(m)cb(sa)} — Re EZ}’ {es(f“(m)”"‘/mcb(sa)} + E—Izo- e fa(@) {@%(sa) — ®(sa)}
=R, (Re(r)) + o? EZ)' SQesf“(x)\I/(sa)
Hence the validity of (5.8) is equivalent to the condition £7 ,_y s2¢*/*@W(sa) = 0. Since
P(sa) and Q(sa) have at most simple poles at s = 0, we see that
E_’ZO' 3265/;&(“)\1!(3@)

= LT (82(1+ sfa(@) + 52 fal@)? + -+ )(P(sa) + Q(s0) log a + Q(s0) logs)
— E{:eos P(sa) +log a E{:e()s. Q(sa).

By taking two distinct values of «, this implies that £7 ;g 52esfa(””)\lf(3a) = 0 if and only if
Ress—o P(s) = Ress—o Q(s) = 0. which is also equivalent to the estimation W(t) = O(logt)
as t — 0 in view of (5.11). If we recall the asymptotics W (t) ~ > g, ,(Im7)%e” 7 which

is immediate from the definition of W(¢), the assertion of the theorem is now clear. O

Remark 5.1. Tt is interesting to study the convergence of the series
> Rer)"(Imr)*  (x>0).
Re7T>0

We note that if the series above converges for every x > 0, then the existence of the regu-

larized product [, |sin a(p — z)| follows.
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Remark 5.2. In view of Theorem 5.2, it would be very interesting to examine if the ddotted
product [ ) [sina(p — )| possesses an infinite product expression such as : [ jsina(p — z):
has. See (5.5).

Remark 5.3. We can extend the definition of regularized products as follows: Suppose that
the attached zeta function (4(s) of a given sequence a = {a,}, is analytically continued
to the domain Re(s) > 0. Denote by ¢(s) the meromorphic part of (4(s). Namely, there
exist a finite number of functions F;(s), f;(s) such that 3;(s) is not meromorphic (has a

log singularity or a branch point) at s = 0, f;(s) is meromorphic at s = 0 and satisfies
Cal(s) = p(s) + >, Bj(s) fi(s). Then we define

B - (15

n

It can be proved that a function defined by this regularized product also has the Wierstrass
canonical form as in Theorems 3.1 and 4.1. If we adopt this definition, then the condition

corresponding to (ii) in the theorem above varies in delicate way.

Remark 5.4. The analogous formulas of (5.5) hold for the g-gamma function I'j(z) and the

g-analogue of the ring sine function S7(z) defined in Example 5.3. In fact, we have

(5.12) H}[n —aly| = g6 H[n — ]y,
n>0 n>0

(5.13) HH” _ I]q’ _ €—w2/logqq(z—£)2/8 H[n _ $]q .
neZ neZ

We note that the left hand sides in these formulas are also directly calculated by definition in
contrast with [, o [sinh(p—z)|. We remark further that the exponential factors appearing
in (5.12) and (5.13) is a kind of an anomaly in view of (2.5) (see Remark 2.2). It would be
also interesting to give an interpretation of these exponential factors in a geometric way, for

instance, by some intersection numbers.

Remark 5.5. 1t is hard to establish a criterion similar to the one in Theorem 5.4 about
the relation between the half zeta function (*(s) = [}, ~o(p — ) (see [HKuW]) and

HImp>0 |p - ZE|
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5.3 Products over the eigenvalues of the Laplacian Arp

A similar situation occurs when we study the symmetric functional equation of the higher

Selberg zeta function. We recall the Selberg zeta function Zr(s) defined by

H H P)™*™™)  (Re(s) > 1)

m=1 PePrim(T"

for a (uniform or non-uniform) lattice I in PSL(2,R). Here Prim(I") denotes the set of
primitive hyperbolic conjugacy classes of T'; and N(P) := max{|ap|?,|3p|?} is the norm of
P where ap and [p are the eigenvalues of a representative matrix of P. The higher Selberg

zeta function zr(s) of ' is also defined by

H IT « yommy =T Ze(s +n) !

m=1 PePrim(T")

Both zr(s) and Zr(s) are meromorphic in the entire plane [KuW3J. Related to the study of

the symmetric functional equation of zp(s), it is useful to introduce the function of the form

43 7

H cosh(r, — x)

where 7, is a normalized eigenvalues of the Laplacian Ar on L?(T'\ H), that is, the discrete
spectrum of Ar is given by SpecAr = {\, = 1/4+7r2},50 (0= X < A\ < ...). Here
the eigenvalue \g = 1/4 + 13 = 0 (i.e. 1y = —i/2) corresponds to the space of constant
functions on I'\ H. We take r,, such as Re(r,,) > 0. When I" is a uniform lattice (i.e. I' is co-
compact), the dotted product [o[, ., cosh(r, — x) exists (see [KuW3]). If we take I' = I';(N)
a congruence subgroup of PSL(2, fR) (which is non-uniform), it is shown that the situation is

the same as that of Cramér’s V(w) above and we actually need the ddotted product. Define

the theta function
= Z e (t>0)
n=0

Then, there exists some constant C' such that the function ©rp(t) — C'logt is analytically
continued to the whole t-plane by virtue of a Cartier-Voros type trace formula for T' (see

[CaV], [H2]). Thus, by the same discussion as in the proof of Theorem 5.2, we have the

Theorem 5.5. For a congruence subgroup I' of PSL(2,R), the ddotted regularized product

EL,>q cosh(r, — x) exists and can be extended as an entire function. Indeed, there exists a
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polynomial fr(x) of degree 3 such that

det cosh (\ [Apr — — — l‘) = H COSh — I — efr(w) H 1 + 6—2(rn—ac))

n>0 n>0

Here the initial domain of this normal product is taken as {z eC ’ 0<Imz < 27r}. ]

Remark 5.6. When T" is co-compact, it is known in [KuW3] that the polynomial fr(z) can

be written as
1 . 3 ].
fr(z) = =559 = D(imz +10g 2)" +

for some constant b;. Here g denotes the genus of the Riemann surface I'\ H.

g — 1)(irx + log2) — by

Remark 5.7. Let I' be a congruence subgroup of PSL(2,R). It is shown in [H1] that the
function ©r(t) is given by the form

A
Or(t) = Qr(t) logt + TF + Br + Crt + O(#2).

Here the coefficients are given explicitly. We note that if we put R.(z) = AraIm(x)?, then
the identity

(5.14) H}Cosh alr, — x)‘ — ¢ Ra(@)

n>0

H cosh a(r, — x)

n>0

holds for some o > 0 if and only if I" satisfies Selberg’s 1/4-conjecture for the first eigenvalue
of the Laplacian Ar (see, e.g. [S]) which implies that there is no exceptional zeros (i.e.
A = 1/4+41r2 > 1/4 for n > 1) of the Selberg zeta function Zr(s). This is proved by the
same way in Theorem 5.4. Since it is known that the Selberg zeta function Zr(s) for the
modular group I' = SL(2,Z), for instance, satisfies an analogue of the Riemann Hypothesis
(i.e. satisfies the Selberg’s 1/4-conjecture), we have the identity (5.14).

5.4 Necessary regularization

For a given function ¢, we look at the following three kinds of regularized products.

(Linear) (p — ),

p
Im p>0
(Trigonometric) H sinh(p — x).
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Here the product symbol | indicates a suitable regularized product, and p runs through
the (normalized) non-trivial zeros of either the Selberg zeta functions Zp(s) for a uniform
lattice, Zr(s) for a non-uniform lattice or the Riemann zeta function ((s). Table 1 shows

the necessary regularization for these three products (see also Examples 6.2 and 6.3).

compact Zr(s) mnoncompact Zr(s) ((s)
Linear 11 I1 [I
Half 11 Il Il

Trigonometric Il Ll Il

Table 1: Necessary regularization

6 Concluding remarks

As final remarks, we describe the hierarchy of regularizations first, some experimental obser-
vation concerning the theta functions, Jacobi forms second, and about the zeta extensions

related to the aforementioned examples in Section 5.

6.1 Hierarchy of regularizations

Table 2 summarizes the resulting functions of regularized products of the form

H tn —2)

nel

where L is a semi-lattice or lattice, p(z) is one of the functions z, sinh z, 0(z).
In Table 2, I, (z) is the Barnes multiple gamma function (see, e.g. [B], [KuKo]) defined
by

(6.1) = JI G+ +knta),
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Rational [[ Trigonometric [[[ Elliptic [
2 ['(z) L,(z) 71
Z sin x V(x5 7) “W(x;T)”
ZEZBQ I, (z) O,(z;n) 71
VAS I (z) 7? ?7?

Table 2: Knight moving table

For the theta function “d(x;7)” appearing in the elliptic column of Table 2, see Section 6.2.
We have not succeeded in obtaining regularized products corresponding to ?' and ?? in
Table 2 yet. The difficulty in ?' is lied in the analysis of the behavior of the attached zeta
function at the origin s = 0. In the case of 7%, even the attached zeta function does not exist
in the present sense. Thus, for example, the ring sine function of the integer ring of a real
quadratic field cannot be defined via the regularized product.

We hope that there exist a transitive relation such as

L #Gesm.n) = s wsm,n).

mel neJ mel
neJ

From this viewpoint we may expect the presence of a hierarchy
Ie(n+2) =T (2)
n>0

among the multiple gamma functions under a suitable formulation of zeta regularized prod-

ucts. Related to this expectation, see Example 6.1 in Section 6.3.

6.2 Towards the elliptic products
6.2.1 Elliptic theta function 9J(x,t)

We present here an experimental study towards a possibility to defining a regularized product

of the elliptic theta functions

(6.2) O(z,t) = W] 9(x + kt, 1).

keZ
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We are interested in what kind of a new regularization we should employ for B in (6.2).
Recall the theta function J(x,t) is defined by
I t) = exp(—n’t — 2nx) (: 9 iz /7, zt/ﬂ))
neZ
for € C and Re(t) > 0. We notice that the function ¥(z,t) satisfies the following formulas.

(6.3) Wz +im,t) = I(x, 1),
(6.4) Pz +t,t) = exp(t + 22)0(x, t),

(6.5) ﬁ(x,t):\/jexp( 2/ (—imx /t, T2 t).

For simplicity we assume that x € R and ¢ > 0. The attached zeta function L(s;z,t) of
the regularized product (6.2) (if it exists) is given by
(s;x,t) 219 (v + kt,t)” Z{exp Kt + 2kz)9(z,t)}
keZ keZ
= J(x,t)” Zexp —k?st — 2ksw)
keZ

= J(x,t) "V (sx, st)

for Re(s) > 0. In order to see the behavior of L(s;x,t) near the origin s = 0, we apply the

theta inversion formula (6.5) and get

L(s;z,t) = 9(x, t)_s\/gexp(sa:?/t)ﬁ(—mx/t, w2 /st).

We observe the contribution of the factor ¥(—imz/t, 72 /st). By definition J(—imrx/t, 7% /st)
is written as
I(—ima/t,7°/st) = exp(—n°k>/st — 2mizk/t)
keZ
=1+ Z exp(—72k?/st — 2mizk/t)
k#0

=1+¢e(s),
where £(s) denotes an analytic function in Re(s) > 0 which has exponential decay at s = 0;
s Ne(s) — 0 as s — 0in Re(s) > 0 for any N > 1.

Combining the calculations above, we see that the behavior of the attached zeta function

L(s;x,t) of (6.2) is described as

L(s;x,t) = \/g(l — slogd(x,t) + O(s*))(1 + sz?/t + O(s*))(1 + &(s))
= \/g(l — s(log¥(z,t) — 2°/t) + O(s*)) +&(s) (s — 0, Re(s) >0).
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Now we bring up a variant of the zeta regularized products motivated by this observation.

This is considered to be a generalization of the dotted product [ (see also Remark 6.1).
Definition 6.1. Let ¢(s) be a holomorphic function satisfying ¢(0) = 0. The attached zeta

function (,(s) of a sequence a = {a, }ne; is called asymptotically ¢-regularizable if there
exists a function Z,(s) such that Zg(s) — (a(¥(s)) = €(s) as s — 0 in Re(s) > 0 and Z,(s) is
meromorphic at s = 0. We call the function Z,(s) the asymptotically ¢-modified zeta
function of a. Then, the asymptotically y-regularized product of a is defined by

(6.6) wHan = exp (— Res Z"(S)) .

82
nel

Notice that this is nothing but the dotted product [, ; a, when (q(s) is meromorphic at
s =0and ¢(s) = s. O

If we take 1(s) = s%, then the function L(¢(s);z,t) is asymptotically t-regularizable.
Actually, the Laurent expansion of the asymptotically {-modified zeta function f/(s; x,t) of
L(s;z,t) at s =0 is given by

L(s;x,t) = \/é G — s(log¥(x, t) — 22 /t) + 0(53)) .

Hence we have

A

L(s;x,t
Reosw = —\/g(logﬁ(x,t) —2?/t).

s
Therefore, if we employ the asymptotically ¢-regularized product, then the product (6.2) is
given by
(6.7) O(z,t) = "T[ 9z + kt,t) = (exp(—a2/t)(x, 1)) V"
ke

In contrast to the translation formulas (6.3) and (6.4) of the theta function 9J(x,t),
the directions of periodicity and quasi-periodicity of ©(x,t) are switched by taking this
regularized product Y]o[ along the lattice ¢Z. The function O(z,t) possesses the periodicity
O(z + t,t) = O(z,t) of the ‘lattice direction’ as is expected, while O(z,t) is quasi-periodic
with respect to the period im as an entire function (see Section 2.2).

A similar analysis shows the

Theorem 6.1. Let p(z,7) be a Jacobi form of weight k and index m (see, e.g. [EZ] for the
definition). Then we have
(4 \/t/2mT
(6.8) O(x,7) = H(p(x + 7, 7) = (exp(2mima’® /7)p(z, 7)) /2
I€Z.
foeri]RandTGiR>0:{it€C}t>O}. ]
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Proof. Let ¢(x,7) be a Jacobi form of weight k£ and index m. Notice that the function

o(z, 7) satisfies the translation formula
(6.9) o(x + 11, 7) = exp(=2mrril®> — dmamil)p(x,7) (k€ Z).
It follows that the attached Dirichlet series of (6.8) is calculated as

Z olx+1r,7)7° = p(z,7)"° Z exp(2msTmil® + dmsxmil)

lez lez
= ¢(z, 7)"*03(2smax, 2smT)

6.10 ' —2m1 2
(6.10) = p(z,7)"° 23;717- exp (w) VUs(z/T, —1/25mT)
. i —2misma?
= o(z,7) e OXP (f) +e(s).

Therefore, the Laurent expansion of the asymptotically ¢-modified zeta function for ¥ (s) =

s? around s = 0 is given by

2mTt T
i 1 2mima?
2m7’{8 (Og@(x’T)Jr T )S}+ (s°)
This implies that log ®(z,7) = /54 <10gg0(x )+ 2#1:112)' 0

Remark 6.1. Since the function 1/4/s is also rewritten as the series

——1+Z logs

the asymptotically ¥-modified zeta function ﬁ(s; x,t) of the product (6.2) is also expressed

in the form

(6.11) L(s;z,t) = {1 — s(log¥(w,t) — 2°/t) + O(s }+ZQ” s;x,t)(log s)"

-

‘meromorphic part’

for some meromorphic functions @, (s; x,t) (this reminds us the ddotted product [5]). Though
the (single-valued) meromorphic part in (6.11) is uniquely determined in the present case,

it is not true in general. Actually, look at the formula Y7 | L(logs)™ = s — 1 for instance.
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6.2.2 Weierstrass p-function

This section gives rather experimental remarks on zeta regularized products of the elliptic

functions. Let p(z) = p(z; w1, ws) be the Weierstrass p-function

1 1 1
z) = — ——— .
o(2) 22+ Z {(z—w)2 w2}
weZiwr+Zws
w#0
We want to treat a product W, ., p(an,x) for a given sequence {a, }ne; which converges 0,
the pole of p(z). Here we suppose that x lies in a certain compact set. Notice that {a,x},es

also converges to 0. Define two Dirichlet series

M s,a) = 3 plana)™,

nel
(s, ) == alp(ane) ™.
nel

Recall the differential equation

when go =603, w g3 =140 20 w8, This yields the following assertion.

Lemma 6.2. The Dirichlet series (5(s,x) and (s, x) satisfy the relation

03¢a" (s, ) =25(2s — 1)65'(s — 1,2)
(6.12) _1_923(23 +3)

5 Ca (s 1,2) — gss(s + 1)€5 (s + 2,2).

Since . .
a*plax)™ — a2 p(ax)™ = a’p(ax) ™ Z {m - E}
w#0
by the definition of p(z), we have the following.

Lemma 6.3. We have

EMs —1,2) — 272N (s,2) = Zaip(anx)_s Z {% _ i} ‘

nel w#0 (anx o w) w?

In particular, for an appropriate choice of the sequence a, the function (s — 1,1) —

x72¢M (s, z) is holomorphic at s = 0. U
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Corollary 6.4. The function (x20? — 2s(s — 1))¢(s, x) is holomorphic and has a zero at
s =0. U

Analogous to the differential equation (4.11) of the function D8(x), we see that the

function D& (z) := [7,, p(a,z) has a similar relation as follows:
Proposition 6.5. If D(z) := [, p(a,x) exists, then the function D\ (x) satisfies
(6.13) —220%log D () = 4py () + 2po(z) + k()

where K(x) is given by

K(z) = 2° Zai {—2 Z (m - %) + %@(anx)l - 93@(%95)2} ’

nel w#0
and the functions {pi(z)}r>—, are determined by the relations

2?*pl(x) — dpp_o(x) + 2pr1(z) =0 (k <0),

pe=0 (k<-—p).

Here i denotes the depth of ((s, ). O

6.3 Zeta extensions

Let f(z) be a zeta-like function. A function F(z) is said to be a zeta extension of f(x)
if F'(z) satisfies a translation formula F(z + 1) = f(z) " 'F(x) [KuW1]. For instance, the
higher Riemann zeta function (j,(s) is a zeta extension of ((s) ; Cioo(s+1) = ((8) 1 (100(5).
The zeta regularization method is effective in constructing a zeta extension from a given
zeta function. Let us show several examples. Calculations are based on the property (2.2)
in Proposition 2.1. We may consider the gamma function is a sort of a zeta function in the

adelic sense. Thus we recall first the multiple gamma functions [B] (see also [KuKo]).

Example 6.1. A typical example is the multiple gamma functions I',,,(x) which are forming

an ascending series of zeta extensions. In fact, the function I';,41(z) is a zeta extension of
Ly(z)

Twsi(r) = J[ e+ +kpp +2)
ki,..., km+1>0
= ] G+ +kata)x J[ G+ +kno+a)
ki,..ey km>0 ki,..ey km>0
kma1>1
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Namely we have T,y 1(z + 1) = [, (2) 7 'T,ny1 (7). We note that the multiple sine functions
S () := [y (2)T (m — 2)"Y™ have the same structure, that is, S,,,1 () is a zeta extension
of S, (z). Note that Sz(z)?Sy(x)~?S;(x) appears in the gamma factor of the higher Selberg
zeta function zr(s) [KuW3J. O

Example 6.2. We define the function (I (s), which we call a higher half Riemann zeta

function, by

i) = H (orim—9)
Im(p)>0
m>0

This product exists and the function (I (s) satisfies the functional equation

Cools) = CT(s)¢x (s — 1),

where (" (s) denotes the half Riemann zeta function introduced in [HKuW]. The existence

of the function (I (s) is shown as follows. The attached zeta function is essentially given by

H(w,z) = Z (T+m—2)"".
Re(1)>0
m>0
This function H(w, z) is also expressed as a Mellin transform
1 0 ezttw—l
H(w,z) = —/ O (t) ——dt.
I'(w) Jo

Here we put ®(t) = Y n...,e "7 (see Section 5.2). Therefore it follows that H(w, z) is a
meromorphic function on C with respect to w since the log-singularity in ®(¢) is changed

into a pole by the Mellin transform. O

Example 6.3. Retain the notation in Section 5.2. We define the function sing(x) by

sing () = : H sina(p +im — x):.
Im(p)>0
m>0

Here the initial domain of this normal product is taken as {z eC ’ 0<Imz <27/ a}. This

product exists and the function sing () satisfies the functional equation
sing (z) = Sa() sing (z — ).

The function sin{(z) also possesses a quasi-periodicity on the R-direction (see Remark 4.2).

The existence of the function sin (s) is shown as follows. The attached zeta function is
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essentially given by

L,(s,x):= Z sina(p+im —xz)° = Z Lo(s,x —im)

Re(p)>0 m>0
m>0
. fa(z)s o V(QZO[TL) €f2m'a:):
_ zas/2€7 2
= ®(sa)e T =as + s T?:l N P + O(s%).

This expression together with the Cramér’s result for ®(t) shows that L,(s,z) is indeed

regularizable. O
We have the counterparts of Examples 6.2, 6.3 for the eigenvalues of the Laplacian Ar.
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